Weighty Wonder « Tiny Ports for Small Systems • Fine Points in T/S Theory 


/1981 us $3.00 


UK £1.25 | 15 Fr. 


| мооїн SO Eoo р с зз p i 
E CUTOFF — poda dos ov los Lem n iles 
pem SFREQUENCY [47] s n bosses un 
BENED | Sanc dub o dmm Duc Im 
- . . ИА " . | D Е 
. SUC x. 
sos | E о 
E Je - 
ч E" 
| , c 
| 2 
27 x 
| x | 
` - = Е . mI 
WEE 
iF 
= 
La 
ia 
° '© 0-6 730 7780977 


The Tractrix Horn Contour 


by Bruce C. EDGAR 
Introduction 


Ib HIS 1974 article for Wireless World 
on horn loudspeakers, Dinsdale? in- 
troduced the present generation of 
speaker builders to the tractrix horn 
contour. The tractrix curve, he claim- 
ed, combined the excellent low fre- 


.- quency characteristics of the exponen- 
+ ® tial curve with the spherical wave pro- 


orn. 

"Well," you may ask, "if the tractrix 
contour was so great, why has it been 
ignored for the last 40 years?” 

The principal reason for the. tractrix 
contour's relative obscurity is probably 
the complexity of its mathematical ex- 
pression. А non-mathematician would 
have great difficulty using it, and even 
those skilled with programmable calcu- 
lators may shy away from it. 

Before the advent of the digital com- 
puter, engineers did much of their nuts 
and bolts design work with a simple 
aid: the design curve or chart. Back in 
1938, Sanial assembled a series of 
design curves for the exponential horn. 
In the same manner, we will evolve 
some tractrix horn design contours so 
you can design your own tractrix horns 
without too much difficulty. 


A. pagation characteristics of the conical 
л 


Some History and Theory 


Webster? assumed in his 1919 pioneer 
paper on horns that the wavefronts in 
an exponential horn are plane (no cur- 
vature). Hanna and Slepian* later 

| M that the plane wave assump- 
А ноп was not valid at low frequencies. 
In 1934, Wilsons proposed a modified 
exponential horn in which the wave- 
fronts made a gradual transition from 
plane to spherical waves. 
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Independent of all the theoretical 
analysis on how horns work, a 24 year 
old British inventor, P.G.A.H. Voigt 
started in 1926 to design a moving coil 
loudspeaker. He argued that a loud- 
speaker should be as efficient as possi- 
ble and that this goal could only be ap- 
proached by using the maximum prac- 
tical field strength in the magnet. Using 
an 80 lb, iron electromagnet driving а 
6" diaphragm, he found that the test 
results were very disappointing. The 
sound was very "tinny." He reasoned 
that since the diaphragm radius at low 
frequencies was a small fraction of a 
wavelength, the air, instead of resisting 
the diaphragm, was "escaping" side- 
ways and did not load the speaker. 

Voigt saw clearly that attaching 
something as simple as a straight pipe 
to the diaphragm would not do. When 
a wavefront sees a discontinuity at the 
end of the pipe, a reflection of the wave 
occurs which travels back to the dia- 
phragm and tends to make the pipe 
resonate much like an organ pipe. 
Voigt reasoned that the pipe should be 
expanded very slightly near the dia- 
phragm, and as the wavefront moved 
away from the diaphragm the tapering 
angle could be increased gradually. He 
also recognized that the wavefront at 
the wall will try to follow it and 
simultaneously be slowed due to fric- 
tion. These two processes naturally 
produce a rounded wavefront since its 
center would be least affected by the 
wall. 

If the pipe's tapering angle is increas- 
ed until the taper is at 90? in relation to 
the axis, the wavefront becomes a hem- 
isphere which matches nicely the out- 
side air's tendency for spherical expan- 
sion of wavefronts from a source. 

Voigt, in a letter to the author (7 Jan. 
1981), says: 


" As [ drew out this curve to 


make the smoothest possible 
transition from the nearly para- 
llel taper near the diaphragm to 
a 90? angle to the axis, I 
wondered if I had re-invented 
the standard exponential curve 
mentioned in some advertise- 

` ments (this being the mid-1920's). 
When I plotted the latter I found 
that at the throat where the 
taper was very slight, the dif- 
ference was negligible. As the 
mouth was approached, how- 
ever, the taper increased faster 
than the exponential, and the 90? 
angle was reached quite soon so 
that it seemed shorter (see Fig. 
1). Later I learned from our 
draftsman that the curve was 
known in the mechanical world 
and that its name was a 
Tractrix." 


In July 1926 Voigt applied for a pa- 
tent on the tractrix horn contour and 
British patent £278,098 was granted to 
him in 1927. In the early 1930's Voigt* 
introduced a commercial horn utilizing 
the tractrix contour and an electro- 
dynamic driver of his own design. The 
horn was 4 ft. long with a mouth open- 
ing 4 ft. square. The field coil 
(remember, this was before the days of 
good permanent magnets) required 40 
watts DC, but the horn efficiency was 
so outstanding it required only 4 watts 
to fill an audiotorium. The horn's 
response was good down to 100 Hz 
with some response still audible at 50 
Hz (letter from Voigt, 7 Jan. 1981). 
Many of these tractrix horns were used 
in British cinemas through World War 
II. 

Ín 1934 Voigt introduced his corner 
horn”: for domestic use which was an 
adaptation of his commercial tractrix 
horn. The speaker (see Fig. 2) featured 
a 4 ft. square mouth and a tapered 


quarter wave length pipe which sup- 
plied the bass response below 100 Hz. 
A contemporary critic, Percy 
Wilson’ commended the Voigt horn 
for its fine sound, but could not 
understand why the tractrix contour 
was better than the modified exponen- 
tial conteur which Wilson champion- 
ed. After Voigt's pioneering work in 
the twenties and thirties, Jensen and 
Lambert?! examined the tractrix horn 
in 1954 and concluded after much 
mathematical analysis that the design 
was a valid alternative to the exponen- 
tial horn. However they did not men- 
tion Voigt's work. No one picked up 
on the research, and it remained dor- 
mant until the Dinsdale review in 1974. 
So the amateur speaker builder has 
plenty of room to experiment with the 
tractrix horn. 


Tractrix Horn Contour 


Figure 3 shows how a spherical 
wavefront propagates down a tractrix 
circular horn. The spherical wavefront 
has a constant radius arm (B'B — 
C'C) such that the radius arm is 
always tangent to the wall of the horn. 
This fact can be used to graphically 
generate a tractrix curve, as shown by 
Dinsdale?, but I found this procedure 
too error-prone, although doing one 
curve by hand is fun. For serious 
design work it is best to work from the 
tractrix mathematical expression as 
derived in the appendix. 
The tractrix curve is given by: 


A— 
x = aeln (atva r ) س‎ Ма? =r? 
r 
where x == distance along the axis 


measured from the mouth, 

a — radius of the mouth, 

r — radius of the horn at point x 

This expression is somewhat 

awkward to use because we cannot 
plug in a value for x and conpute r as 
we can for an exponential horn. 
However, near the throat (a> >r) 
tractrix expression reduces to 


— (1+ x) 
а 


r=2ae 


which shows the exponential charac- 
teristic near the throat necessary for 
good low frequency transmission, 

The mouth size determines the 
horn’s low frequency cutoff, The cutoff 
condition is given by А = 2ra, where А 
= wavelength. The cutoff frequency is 
then: 


f= < 
20a 


where c = velocity of sound (13500 
їп / sec). 


FIG.I 


TRACTRIX 


EXPONENTIAL 


Fig. 1. Comparison of exponential and tractrix circular cross section horns normalized 


to the same throat and mouth areas. 


Since the tractrix formula is for a cir- 
cular cross-section horn and we usualiy 
construct rectangular cross-section 
horns, we have to convert the radius 
information to area by the familiar for- 
mula for the area of a circle: 

А = nr’, 
which is good for free standing horns. 
For wall position horns, we divide the 
area by 4; for corner horns, by 8. 

Some error is involved in translating 
the circular cross-section to rectangular 
because in the latter the tangent to the 
corner is longer than that to the sides. 
Voigt argues that if you make the 
shorter tangent in a square horn the 
tractrix tangent, you end up with an 
area of 4/x = 1.27 times that of the 

Continued on page 12 


Fig. 3. Spherical wavefronts in a tractrix horn. 


Fig. 2. Voigt corner horn, circa 1936. 
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Fig. 4. Tractrix area expansion for midrange horns (free standing) with low frequency cutoffs from 150Hz to IkHz. 
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Fig. 5. Tractrix area expansion for bass horns (wall position) with low frequency cutoffs from 30Hz to 120Hz. 
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corresponding (circular) tractrix horn. 
"If the area is made equa! to the cor- 
responding tractrix, the tangent to the 
sides will be short, a defect which is 
partly compensated for by the excess 
length of the tangent to the corners." 


Design Curves 


In Figs. 4, 5, and 6 we plot the tractrix 
area expansion as a function of length 
from the mouth for free standing horns 
(150Hz-1000Hz), wall position horns 
(30Hz-120Hz), and corner horns (30Hz- 
120Hz), respectively. To use these 
charts, simply select the desired cutoff 
frequency and pull out the area values 
every 2" to 5" (depending on the total 
length) down to the desired throat size. 
We have marked the throat areas for 
several speaker sizes as recommended 
by Dinsdale! However, these throat 
sizes were based on geometrical consid- 
erations (throat to piston area ratio of 
0.33) and ignore the driver parameters 
which is the other half of the design 
problem. The reader is referred to-the 
horn design papers of Keele}? Small?’ 
and Leach!5 which deal with the selec- 
tion of throat size for maximum band- 
width or maximum efficiency. Gener- 
ally, for maximum bandwidth of a 
horn, one uses throat to driver ratios of 
0.50 to 0.30; for maximum efficiency 

Continued on page 14 
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Fig. 7. Spherical-wave midrange horn with direct radiator woofer used in Germany in 
the early 1950's. 
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Fig. 6. Tractrix area expansion for bass horns (corner position) with low frequency cutoffs from 30Hz to 120Hz. 
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one uses ratios of 0.50 to 0.70. 

Do not reduce the size of the mouth 
too much from the values of the charts. 
In his examples of tractrix horn design 
Dinsdale! terminates his horns just 
before the 90° flare is reached, 
resulting in a mouth area reduction of 
70 percent. Lambert" in his analytic 
study of the tractrix horn indicates that 
the true cutoff occurs at the 80 percent 
point. Keele’s study of optimum mouth 
size! shows that, depending on the 
solid radiation angle of the horn, the 
mouth reduction ranges between 70 
and 80 percent. Probably in most cases 
the mouth size is determined by the 
folding geometry and "what fits." 
However, do not go below the 70-80 
percent reduction factor. If you do, the 
resultant speaker in the case of a bass 
horn will become more an acoustical 
labyrinth and less a true horn. 

Another attractive feature of tractrix 
horns is the 90? flare at the mouth. 
Keele’? found that beaming effects 
found in mid-range conical horns can 
be minimized by doubling the flare at 
the mouth. The effect of additional 
flare is to make these conical horns 
look very much like a tractrix horn. 
The tractrix's reduced length compared 
to conical and exponential horns of the 
same frequency range gives it the ad- 
vantage of being smaller than other 
horn contours. 


Commercial Tractrix Horns 


I recently ran across an example of 
tractrix horns (referred to as spherical- 
wave horns) in a book edited by 
Richardson! 

Figure 7 shows a mid-range 
spherical-wave horn with а direct 
radiator woofer; it probably has a low 


frequency cutoff around 300-400Hz. 
The interesting square cross-section 
construction should suggest some con- 
struction techniques to you. Figures 8a 
and 8b show front and back views of a 
full range horn cluster, German-built 
for large cinemas іп the early 19505. 
Comparing the mouth size to the per- 
son standing, a rough calculation gives 


Appendix: Tractrix Derivation 


a lower cutoff of 25Hz for the bass 
horn. 


Summary 


I hope the tractrix design curves will 
stimulate constructor interest in 
designing and building tractrix horns. 
The shorter length and lack of beaming 


THE TRACTRIX EXPRESSION can easily be derived by anyone with a knowledge 
of first year calculus, but in the literature! ?:!? you will find several different 
equations all purporting to be the tractrix expression. 

Any point along a tractrix circular horn (Fig. 9) you can draw a tangent 


line from the horn wall to the X-axis whic 
spherical acoustic wave. From the triangle relations, the slope at (x, r) must 


defines the radius of the 


be: dr _ — r 
dx a^—r 
Integrating, we find | yard = — | dx 


r 


Or X =aein (2+ Ja? гі) — Уа? — г? 


Г 


We used the above expression, which is equivalent to Dinsdale's! tractrix 
expression if a = \/2z is substituted. Noting that: 


at V al—r _ а + у ar, а + Var _ (а + Var) 


a = y a?—r* 


a ¬ «X a—r^ atl a-—r r 


we arrive at the expression used by Baldock?’ and Wilson’: 


a a + a*—r 
x = — In ) کا‎ ) — VJ a?—r 
© 2 (a — aj =z) 


According to Lockwood" the tractrix curve was generated by Leibniz in 
1690, but Huygens first solved it analytically and gave the curve its name. 


Fig. 8. 5pherical-wave bass and midrange horn combination used in German cinemas in the early 1950's. 
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effects found їп tractrix horns com- 
pared to the traditional exponential 
horns are two features with much to 
recommend them. I am currently 
working оп several tractrix horn 
designs which 1 will write about in 
future issues of Speaker Builder. [1 
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